We apply Plechko's Grassmann path-integral method to Ising cylinders of rectangular, triangular, and hexagonal lattices to obtain the analytic solutions of free energies for the periodic and antiperiodic boundary conditions in the joined circumferences of the cylinders. These analytic solutions are used to analyze the scaling functions of the interfacial tensions for isotropic and anisotropic couplings. The finite-size corrections to the scaling functions are also discussed. ͓S0163-1829͑99͒12141-6͔
I. INTRODUCTION
There is extensive current interest in the properties of surfaces and interfaces near the bulk critical point in both theory and experiment. The interfacial free energy is defined as the difference of two finite-size systems with different boundary conditions. For the case of the Ising model, the difference in free energy between a system with periodic and antiperiodic boundary conditions is sometimes referred to as the Bloch wall free energy, and few results 1, 2, 3 exist for the properties of the free energy of an infinitely extended Block wall. In this paper we analyze the properties, mainly the scaling functions, of the Bloch wall free energies of infinitely long Ising cylinders of square, triangular, and hexagonal lattices, based on the analytic solutions of the free energies.
The analytic solution of the Ising model on a square lattice was first solved by Onsager in the limit of an infinitely large lattice using the theory of Lie algebra. 4 This method was simplified by Kaufman 5 using the theory of spinor representation. Then Schultz, Mattis, and Lieb 6 gave explicitly the fermionic treatment. The other alternative is the combinatorial method, which was first developed by Kac and Ward 7 and then rigorously reformulated by Hurst and Green. 8 More recently Plechko used a nonstandard and relatively simple approach to obtain analytic expressions of the partition functions for the Ising model on a torus, 9 a class of triangular-type decorated lattices, 10 and a triangular lattice net with holes. 11 This method is based on the Grassmann path-integral factorization of the Boltzmann weights along with the principle of mirror ordering of the arising Grassmann factors. Here traditional transfer matrix or combinatorial considerations used in the previous methods are not needed. In this paper, we work in this framework to obtain analytic solutions of the partition functions for infinitely long cylinders of square, triangular, and hexagonal lattices with periodically or antiperiodically joined circumferences. Then we use these solutions to find the interfacial tensions, and to study the scaling functions of the interfacial tensions for different coupling ratios. This paper is organized as follows. In Sec. II, we set up a general form of the partition function of the Ising model that can be applied to square, triangular, and hexagonal lattices. In Sec. III, we first introduce three pairs of conjugate Grassmann variables for a lattice site to factorize the Boltzmann weights, and then we use the principle of mirror ordering to rearrange the Grassmann factors so we can perform the summation over Ising spins to obtain a pure fermionic expression of the partition function. In Sec. IV, using the Fourier transform technique we complete the integrations over the Grassmann variables to obtain the analytic solutions of the free energies. In Sec. V, we use the free energies obtained in the last section to study the scaling functions of the interfacial tensions for different coupling ratios. Finally, Sec. VI is reserved for the summary of the results.
II. GENERALIZED PARTITION FUNCTION
In this section, starting with a triangular lattice we set up a generalized partition function of the Ising model that can be applied to rectangular, triangular, and hexagonal lattices.
Consider a triangular lattice with site identifications shown in Fig. 1 . The partition function is written as
where ␤ is the inverse of the reduced temperature ␤ ϭ1/(k B T), H is the Hamiltonian defined as
with t i ϭtanh(␤J i ), we can rewrite the partition function as
where N T is the total number of lattice sites of a triangular lattice,
and r i T ϭt i with iϭ1,2,3. Note that this partition function can be transformed to the one on a rectangular lattice by setting t 3 ϭ0.
For the case of a hexagonal lattice, we note that one can use the star-triangle transformation to transform a hexagonal to a triangular lattice as shown in Fig. 2 . First we can express the Hamiltonian as
where 0 denotes the Ising spins indicated in Fig. 2 . Then using the identity of Eq. ͑3͒, we can obtain the partition function as
͑7͒
where N H (ϭ2N T ) is the total number of lattice sites of a hexagonal lattice, and R H ϭ2R T . After performing the sum over 0 , the partition function becomes
with ␣ 0 ϭ1, ␣ 1 ϭt 1 t 3 , ␣ 2 ϭt 1 t 2 , and ␣ 3 ϭt 2 t 3 . ͑9͒
The above partition function can be reparametrized in a form similar to Eq. ͑4͒, and the resultant form is
where r i H with iϭ0,1,2,3 is determined by the relations
From Eqs. ͑4͒ and ͑10͒, we can define the generalized reduced partition function as 
Qϭ
where P m,n () take the form
and the parameters r i with iϭ1,2,3 vary from one lattice to the other.
III. FERMIONIC EXPRESSION OF PARTITION FUNCTION
In this section, first we introduce a set of anticommuting Grassmann variables for each lattice site to express the generalized reduced partition function Q of Eq. ͑12͒ as a mixed representation of spin and Grassmann variables. In this mixed representation, a Boltzmann weight in Eq. ͑12͒ is decoupled to the product of two factors of separated spins. Then by using the technique of the mirror-ordered factorization, we can group the factors containing the same spin together to perform the sum over spins. After eliminating the spin variables we obtain a purely fermionic expression of Q that is a multidimensional Gaussian integral. The boundary condition we use is defined as follows: For the y direction we first set m,1 ϭ m,L y ϩ1 ϭ0 and then take the limit of L y →ϱ, and for the x direction we set L x ϩ1,n ϭk 1,n with k ϭ1 for the periodic boundary condition and kϭϪ1 for the antiperiodic boundary condition. Thus the solution we obtain corresponds to the case of an Ising cylinder infinitely extending in the y direction and rounding periodically or antiperiodically in the x direction.
Three pairs of conjugate Grassmann variables, 
for an arbitrary anticommuting complex number .
12 Also the symbols of the differentials anticommute with each other and with the variables. For each pair of conjugate variables introduced above, say a m,n and a m,n * , we follow Plechko's notation to define the average of an arbitrary function f (a m,n ,a m,n * ) with a Gaussian weight as
͑16͒
Similar definitions are used for b m,n and b m,n * , and c m,n and c m,n * . We also define the total average over all these pairs as
ϫ͕g͑a,a*;b,b*;c,c*͖͒.
͑17͒
Using these Grassmann variables, we can rewrite P m,n () of Eq. ͑13͒ as
where the Grassmann factors, A,A*,B,B*,C, and C* are defined as
and
Here a Boltzmann weight in Eq. ͑12͒ is decoupled to the product of two factors of separated spins. Then by substituting Eq. ͑18͒ into Eq. ͑12͒ and by using the fact that C m,nϩ1 C mϩ1,n * for given m and n is commutable with Grassmann variables inside the Grassmann integral, we can express the partition function as
To group the factors containing the same spin variable together, we proceed by applying the principle of mirror ordering. To simplify the notation, we define
By using the fact that the combination ⌽ m,n ⌽ mϩ1,n * taken as a whole is a commutable object inside the Grassmann integral, we can rewrite the partition function as
͑24͒
To factorize out the boundary terms, we can reexpress Eq. ͑24͒ as
with ⌿ B , the boundary terms,
Here the two products in n are ordered in opposite direction as indicated by the arrows, and similarly the order of the product in m is also indicated by an arrow. Note that in obtaining Eq. ͑26͒, first we use the fact that the combination
taken as a whole is a commutable object. We have the order in n shown by the arrows, and then also using the property of commutability we arrange the product of B m,L y B m,L y ϩ1 * in m to have the order shown by an arrow, and finally we use the boundary condition m,L y ϩ1 ϭ0 to set B m,L y ϩ1 * ϭ1. Subject to the boundary condition L x ϩ1,n ϭk 1,n with kϭ1 or Ϫ1, we have to impose the identifications
as the boundary conditions of the Grassmann variables so that we can rewrite the boundary terms as
which have the mirror-ordered form for the terms in the first two brackets. To further simplify the notation, we define
Then substituting ⌿ B of Eq. ͑28͒ into Eq. ͑25͒ and using the
as a whole is a commutable object
properly, we can rewrite the partition function as
͑30͒
To have a complete mirror-ordered form, we have to rearrange the terms in the last two brackets. To achieve this, first we use Eqs. ͑23͒ and ͑29͒ to express 
͑33͒
Now it is straightforward to show that the partition function given in the above is equivalent to
͑34͒
First we consider the term of mϭL x in Eq. ͑33͒ denoted by T,
͑35͒
By substituting Eq. ͑29͒ into Eq. ͑35͒, we have 
͑36͒
which is equivalent to the form
inside the Grassmann integration due to the fact that after summing over spin, the factor
, for a given n is an even polynomial in Grassmann variables and becomes a commutable object. Note that in obtaining Eq. ͑37͒, we use the boundary condition m,1 ϭ0 to set
Then by continuing such construction from mϭL x down to m ϭ1, we can obtain the expression of Eq. ͑34͒.
For the partition function given by Eq. ͑34͒, the factors containing the same spin are grouped together and we can perform the sum over spins. Note that for two Grassmann variables g 1 and g 2 , we can use the identities 2 ϭ1 and e g 1 g 2 ϭ1ϩg 1 g 2 , to obtain the formula
and after summing over spin we have
By using this formula to perform the sum over spins, we obtain the result ϩa m,n ͒b m,n . ͑41͒
Then we obtain a purely fermionic expression of Q, Here the boundary condition is a 0,n * ϭϪa L,n * and c 0,n * ϭ Ϫc L,n * for the periodic case, and a 0,n * ϭa L,n * and c 0,n * ϭc L,n * for the antiperiodic case.
IV. FREE ENERGY
In this section, starting with the fermionic expression of the generalized reduced partition function obtained in the last section, we use the technique of Fourier transform to complete the integration so that we can have the analytic solution of the reduced free energy.
The fermionic expression of the generalized reduced partition function Q given by Eq. ͑42͒ is a Gaussian integral of the Grassmann variables that mix together with the variables at different sites. To have a diagonal form, we make a Fourier transformation to obtain its momentum representation. The Fourier transformation is defined as
and for the periodic case and p ϭp and q ϭq for the antiperiodic case with the integer p ranging from 1 to L x and q from 2 to L y Ϫ1. Note that owing to the free boundary condition for the y direction, which we used in obtaining Eq. ͑42͒ by setting m,1 ϭ m,L y ϩ1 ϭ0, the Fourier transforms defined by Eqs. ͑44͒ and ͑45͒ are exact only in the limit of L y →ϱ. In this limit taking q to be either qϩ 1 2 or q leads to the same result.
After performing the Fourier transformation, the partition function becomes
where Q p ,q is given by
with the measure dV p ,q given by
͑48͒
and the function H p ,q , given in Table I 
with
͑50͒
Here Then the dimensionless free energy density on the infinitely long cylinder, defined as 
with ␣ 0 , ␣ 1 , ␣ 2 , and ␣ 3 given by Eq. ͑11͒. Note that the relations given by the above equations for a hexagonal lattice can be verified to be the same as Eqs. ͑52͒-͑55͒ by substituting the relations of Eq. ͑11͒ into these equations. For the limit of L x →ϱ, Eq. ͑57͒ becomes
ϫln͓A 0 ϪA 1 cos 1 ϪA 2 cos 2 ϪA 3 cos͑ 1 Ϫ 2 ͔͒,
͑62͒
and the critical point is determined by the singular point of the free energy, A 0 ϪA 1 ϪA 2 ϪA 3 ϭ0, which comes from the zero mode, p ϭ0 and q ϭ0, in Eq. ͑51͒.
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The expression of Eq. ͑57͒ for the free energy density can be further simplified by completing the integration. To obtain this, we reexpress Eq. ͑57͒ as
where the integration I(p ) is
and 
we can rewrite the integration as
where the function f 2 (p ) is
This integration can be completed, and the resultant free energy density is
where the limits of the sum in p depend on the boundary condition and are specified previously after Eq. ͑45͒.
V. INTERFACIAL TENSION
The usual way of defining interfacial tension is as follows. Consider a L x ϫL y Ising rectangle with periodic boundary condition along L y so that the geometry is a finite cylinder. Such an Ising system has either no domain walls or an even number of such walls for the cases where the boundary conditions along L x are ϩϩ and ϪϪ, respectively. Here the boundary condition ϩϩ ͑ϪϪ͒ refers to the situation in which the Ising spins on the left and on the right have fixed value ϭϩ1 ͑Ϫ1͒. On the other hand, for the ϩϪ boundary condition in which the Ising spins are specified as ϩ1 on the left and Ϫ1 on the right, the system has an odd number of domain walls. Then comparing with the boundary conditions ϩϩ or ϪϪ the system with the ϩϪ boundary condition has excess free energy caused by domain walls, and for low enough temperatures it is conjectured that the excess free energy is caused exactly by one domain wall in the thermodynamic limit. 13 Thus the interfacial tension, which is the excess free energy per site and per
where is the reduced temperature ϭ(TϪT c )/T c , R is the aspect ratio RϭL y /L x , f ϩϪ is the free energy density per k B T with the ϩϪ boundary condition, and f ϩϩ is that with the ϩϩ boundary condition. In the limit L x , L y →ϱ with fixed R, the quantity (,R,L x ) approaches the bulk interfacial tension b () which vanishes for у0, and b ()ϳ (Ϫ) for Ͻ0. Here is the critical index for the interfacial tension, and its value is 1 for the two-dimensional Ising model.
In this work we extend the above consideration to a different situation. Similar to the above case, we consider two L x ϫL y Ising rectangles that both have a periodic boundary condition along L y . But the boundary conditions along L x are periodic and antiperiodic, respectively, and hence the geometric shapes are toruses. Note that for the antiperiodic boundary along L x the spins between the first and the last rows at the same column have antiferromagnetic couplings.
Both systems have either no domain walls or an even number of such walls, and hence the physical situation here is different from the usual case defined previously. But comparing with the case of periodic boundary conditions on both sides, the system with a periodic boundary condition on one side and an antiperiodic boundary condition on the other side may still have excess free energy caused by the additional antiferromagnetic layer. Thus, similar to Eq. ͑72͒, for the isotropic couplings we define the interfacial tension as
where f ap is the free energy density per k B T with an antiperiodic boundary condition along L x and a periodic boundary condition along L y , and f pp is that with a periodic boundary condition on both sides. The analytical expression of the interfacial tension was obtained to have the form
where
2 , and 1 ϭ2t(1Ϫt 2 ), with J 1 ϭJ 2 ϭJ and t ϭtanh(␤J). Note that the sign factor in front of the last term of Eq. ͑74͒ is equal to ϩ1 for Ͼ0 and Ϫ1 for Ͻ0. Some results calculated from Eq. ͑74͒ are shown in Fig. 3 . We find that the interfacial tension agrees very well with the relation ϭaϩb(Ϫ) for Ͻ0 and ϭ1, as shown in Fig. 3͑a͒ . However, when we fix the L x size to be 60 and increase the L y size, the behavior of changes dramatically and approaches that in an infinitely long cylinder for L y у1500 as shown in Fig. 3͑b͒ . This dramatic change in the behavior of may be caused by the suppression of the fluctuation of the antiferromagnetic layer for sufficiently large L y . For an infinitely long cylinder as shown also in Fig. 3͑b͒ , the peak of is located exactly at the critical point, the value of decreases in a symmetrical way from the critical point, and the distribution of becomes more sharp but with the same critical index ϭ1 when the L x size is decreased.
14 These features may be understood in the following way. In a low enough temperature, the spin configuration with all the spins up or down, which gives the lowest energy to the case of a periodic boundary condition, also gives the lowest energy to the case of an antiperiodic boundary, and hence the interfacial tension tends to vanish. However, the free energy density at the critical point for the case of an antiperiodic boundary condition given by Eq. ͑57͒ contains the zero mode ͑i.e., ϭ0 and p ϭL x ), and this is responsible for the rise of the peak. Similar to the finite case, for the infinite cylinder we have the peak decreased when the L x size increases, and this where f a is the free energy density per k B T for the circumference joined antiperiodically, f p is for the circumference joined periodically, N x is the number of sites along the circumference, and the coupling ratios r 21 and r 31 are defined as r 21 ϭJ 2 /J 1 and r 31 ϭJ 3 /J 1 . Note that we choose the coupling constant J 1 as the scale to measure the temperature and to define the coupling ratios, and N x is L x for a triangular lattice, 2L x for a hexagonal lattice. Then from Eq. ͑73͒ we have ͑,r 21 ,r 31 ;
͑80͒
The numerical results of this equation for three types of lattices with isotropic couplings and L x ϭ100 are shown in Fig.  4 . with xϭ1/N x . The leading order of the finite-size effect is the order of 1N x 2 , and this reflects the fact that the finite-size correction is very small.
For isotropic couplings, the values of A, a 1 , and b are /4, 0.411͑3͒, and Ϫ0.879͑0͒ for a rectangular lattice, 0.6801͑7͒, 0.001͑0͒, and Ϫ0.823͑1͒ for a triangular lattice, and 1.3603͑4͒, 0.011͑2͒, and Ϫ1.139͑5͒ for a hexagonal lattice. For anisotropic couplings, the values of A, a 1 , and b are listed in Table II for a rectangular lattice, in Table III for a triangular lattice, and in Table IV for a hexagonal lattice. The qualitative behaviors of A and b as functions of r 31 for a specified value of r 21 are shown in Fig. 5 for a triangular lattice and in Fig. 6 for a hexagonal lattice. Note that in Fig.  5͑a͒ the values for a triangular lattice at r 31 ϭ0 and the given r 21 correspond to the values for a rectangular lattice at the given r 21 .
VI. SUMMARY
We work in the framework of Plechko's Grassmann pathintegral factorization of the Boltzmann weights with the principle of mirror ordering of the arising Grassmann factors to obtain the analytic solutions for Ising cylinders of rectangular, triangular, and hexagonal lattices. To deal with the boundary conditions imposed on the joined circumferences of the cylinders, which are periodic or antiperiodic, we introduce three pairs of conjugate Grassmann variables on a lattice site. Then we use the analytic solutions to study the scaling functions of the interfacial tensions, and the results are summarized in the following way:
͑i͒ The peaks of the interfacial tensions are located exactly at the critical point, and then their values decrease in a symmetrical way from the critical point.
͑ii͒ The scaling functions of the interfacial tensions are expressed as ⌺(z;r 21 ,r 31 )ϭa N x (r 21 ϩr 31 )ϩb(r 21 ,r 31 )z with zϭN x 1/ , r 21 ϭJ 2 /J 1 , and r 31 ϭJ 3 /J 1 . We determine the values of the parameters a N x and b, for various coupling ratios on three types of lattices. Our results indicate that the finite-size correction to the values of a N x is very small, and it is extremely small on triangular lattice.
͑iii͒ If the finite-size correction is neglected, the interfacial tensions can be rearranged to the form of with xϭN x 1/ , used by Mon and Jasnow. 3 For the isotropic couplings, the value of B is Ϫ0.893͑5͒ for a rectangular lattice, Ϫ0.826͑4͒ for a triangular lattice, and Ϫ1.193͑8͒ for a hexagonal lattice.
